CLASSIFYING FINITE LOCALIZATIONS OF QUASI-COHERENT 
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Abstract. Given a quasi-compact, quasi-separated scheme X, a bijection be- 
tween the tensor locaUzing subcategories of finite type in Qcoh(X) and the set of 
all subsets Y (ZX of the form Y = IJ/en ^i' withX\K/ quasi-compact and open for 
all ; e fl, is established. As an application, there is constructed an isomorphism 
of ringed spaces 

{X,Ox) (Spec(Qcoh(X)),OQ,oj,(x)), 

where (Spec(Qcoh(X)), Oq^-^^x)) is a ringed space associated to the lattice of 
tensor localizing subcategories of finite type. Also, a bijective correspondence 
between the tensor thick subcategories of perfect complexes ©per (A") and the 
tensor localizing subcategories of finite type in Qcoh(A') is established. 
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L Introduction 

In his celebrated work on abelian categories P. Gabriel IH proved that for any 
noetherian scheme X the assignments 

(1.1) cohX D ® (J suppx(x) and X ^ U {x e cohX \ suppx{x) C U} 

induce bijections between 

(1) the set of all tensor Serre subcategories of cohX, and 

(2) the set of all subsets U CX of the form U = Uien ^' where, for all / E D., 
Yi has quasi-compact open complement X \ F,-. 
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As a consequence of this result, X can be reconstructed from its abelian category, 
cohX, of coherent sheaves (see Buan-Krause-Solberg [4, Sec. 8]). Garkusha and 
Prest lEl m [TOl have proved similar classification and reconstruction results for 
affine and projective schemes. 

Given a quasi-compact, quasi-separated scheme X, let 2?per(X) denote the de- 
rived category of perfect complexes. It comes equipped with a tensor product 
(gi := 0^. A thick triangulated subcategory T of ©per(^) is said to be a tensor 
subcategory if for every E € ®per(^) and every object AST, the tensor product 
£■ (gi A also is in T . Thomason [26j establishes a classification similar to (11.11 ) for 
tensor thick subcategories of ©per(^) in terms of the topology of X. Hopkins and 
Neeman (see 11511221 ') did the case where X is affine and noetherian. 

Based on Thomason's classification theorem, Balmer [IJ reconstructs the noe- 
therian scheme X from the tensor thick triangulated subcategories of £'per(X). This 
result has been generalized to quasi-compact, quasi-separated schemes by Buan- 
Krause-Solberg [4J. 

The main result of this paper is a generalization of the classification result by 
Garkusha and Prest lU [H [TOl to schemes. Let X be a quasi-compact, quasi- 
separated scheme. Denote by Qcoh(X) the category of quasi-coherent sheaves. 
We say that a localizing subcategory 5 of Qcoh(X) is of finite type if the canoni- 
cal functor from the quotient category Qcoh{X)/s Qcoh(X) preserves directed 
sums. 

Theorem (Classification). Let X be a quasi-compact, quasi-separated scheme. 
Then the maps 

V^S = {f £ Qcoh(X) I suppx( J ) C V] 

and 

S^V=[j supp;f(iF) 

induce bijections between 

(1) the set of all subsets of the form V = U/en^' with quasi-compact open 
complement X \ Vifor all i G D., 

(2) the set of all tensor localizing subcategories of finite type in Qcoh(X). 

As an application of the Classification Theorem, we show that there is a 1-1 
correspondence between the tensor finite localizations in Qcoh(X) and the tensor 
thick subcategories in ®per(X) (cf. |[T6l[8l[T0l). 

Theorem. Let X be a quasi-compact and quasi-separated scheme. The assign- 
ments 

T ={!F eQcoh{X)\suppxi9')C IJ suppxiHniE))} 

neZ,Eei 

and 

S ^{E£ ®per(X) I Hn{E) G S for all n£Z} 
induce a bijection between 

(1) the set of all tensor thick subcategories of 'Dp^^^X), 

(2) the set of all tensor localizing subcategories of finite type in Qcoh(X). 
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Another application of the Classification Theorem is the Recostruction Theo- 
rem. A common approach in non-commutative geometry is to study abelian or 
triangulated categories and to think of them as the replacement of an underlying 
scheme. This idea goes back to work of Grothendieck and Manin. The approach is 
justified by the fact that a noetherian scheme can be reconstructed from the abelian 
category of coherent sheaves (Gabriel [6]) or from the category of perfect com- 
plexes (Balmer HI). Rosenberg |[24ll proved that a quasi-compact scheme X is 
reconstructed from its category of quasi-coherent sheaves. 

In this paper we reconstruct a quasi-compact, quasi-sepaiated scheme X from 
Qcoh(X). Our approach, similar to that used in HHHllQ, is entirely different from 
Rosenberg's [24] and less abstract. 

Following Buan-Krause-Solberg [4] we consider the lattice Lf ioc,®(X) of ten- 
sor localizing subcategories of finite type in Qcoh(X) as well as its prime ideal 
spectrum Spec(Qcoh(X)). The space comes naturally equipped with a sheaf of 
commutative rings OQcoh(x)- The following result says that the scheme {X,Ox) is 
isomorphic to (Spec(Qcoh(X)), OQcoh(A:))- 

Theorem (Reconstruction). LetX be a quasi-compact and quasi-separated scheme. 
Then there is a natural isomorphism of ringed spaces 

f : {X,Ox) ^ (Spec(Qcoh(X)),OQcoh(x))- 

Other results presented here worth mentioning are the theorem classifying finite 
localizations in a locally finitely presented Grothendieck category C (Theorem l3.5l ) 
in terms of some topology on the injective spectrum SptT, generalizing a result of 
Herzog [ 13 1 and Krause 1 19 1 for locally coherent Grothendieck categories, and the 
Classification and Reconstruction Theorems for coherent schemes. 

2. Localization in Grothendieck categories 

The category Qcoh(Z) of quasi-coherent sheaves over a scheme X is a Grothen- 
dieck category (see [5 1), so hence we can apply the general localization theory for 
Grothendieck categories which is of great utility in our analysis. For the conve- 
nience of the reader we shall recall some basic facts of this theory. 

We say that a subcategory S of an abelian category C is a Serre subcategory if 
for any short exact sequence 

in C an object F G 5 if and only if X, Z G 5 . A Serre subcategory 5 of a Grothendieck 
category C is localizing if it is closed under taking direct limits. Equivalently, the 
inclusion functor i : S ^ C admits the right adjoint t = t^ : C ^ S which takes ev- 
ery object X £ C to the maximal subobject ?(X) of X belonging to 5. The functor t 
we call the torsion functor. An object C of C is said to he S -torsionfree if f(C) = 0. 
Given a localizing subcategory 5 of C the quotient category C /S consists of C G C 
such that t{C) =t^{C) = 0. The objects from C /S we. call S -closed objects. Given 
C G C there exists a canonical exact sequence 

with A' = t{C), A" £ S, and where C5 G C /S is the maximal essential extension 
of C = C/t{C) such that Q/C G S . The object Q is uniquely defined up to a 
canonical isomorphism and is called the S -envelope of C. Moreover, the inclusion 
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functor i: C I S ^ C has the left adjoint localizing functor {—)s'-C^C/S, which 
is also exact. It takes each C ^ C to ^ C / S . Then, 

Homc(X,y)^Hom^/,(X3.,y) 

for all X G C and 7 G (:/5. 

If C and ® are Grothendieck categories, <7 : C ^ © is an exact functor, and 
a functor 5 : © — > C is fully faithful and right adjoint to q, then 5 := Kerg is a 

H 

localizing subcategory and there exists an equivalence C /S = D such that H o 
{—)s = q- We shall refer to the pair {q,s) as the localization pair. 
The following result is an example of the localization pair. 

Proposition 2.1. (cf. |6, §111.5; Prop. VI.3]j Let X be a scheme, let U be an 
open subset ofX such that the canonical injection j : U X is a quasi-compact 
map. Then j*{Q) is a quasi-coherent Ox-module for any quasi-coherent Ox\u- 
module Q and the pair of adjoint functors {j* ,j*) is a localization pair That is the 
category of quasi-coherent Ox\u-niodules Qcoh(?7) is equivalent to Qcoh(X)/5, 
where S = Kerj*. Moreover, a quasi-coherent Ox-module !F belongs to the lo- 
calizing subcategory S if and only if suppx{!F ) = {P £ X \ !Fp ^ 0} <^ Z = X\U. 
Also, for any G Qcoh(X) we have ts{!F) = ^zi^ )• where ) stands for 

the subsheaf of f with supports in Z. 

Proof. The fact that 7* ( ^ ) is a quasi-coherent Qy-module follows from ifTTl 1.6.9.21. 
The functor j* : f |(/ is clearly exact, = j*jJG) = G by ifTTl 1.6.9.21. 

It follows that 7* is fully faithful, and hence (7* , ) is a localization pair. 

The fact that G 5 if and only if suppxi^^ ) ^ Z is obvious. Finally, by fV2\ Ex. 
II. 1 .20] we have an exact sequence 

Since the morphism can be regarded as an 5 -envelope for f , we see that 
¥.cvp., =ts{f) = ^^{!F). □ 

Given a subcategory X of a Grothendieck category C , we denote hy y/x the 
smallest localizing subcategory of C containing X . To describe ^Jx intrinsically, 
we need the notion of a subquotient. 

Definition. Given objects A, S G C , we say that A is a subquotient of B, or A ^ B, if 
there is a filtration of B by subobjects B = Bq ^ ^ B2 ^ such that A = Bi /B2. 
In other words, A is isomorphic to a subobject of a quotient object of B. 

Given a subcategory X of C , we denote by {x ) the full subcategory of subquo- 
tients of objects from X . Clearly, ) = ( ) ) , for the relation A -< B is transitive, 
and X = {x) if and only if X is closed under subobjects and quotient objects. If X 
is closed under direct sums then so is {x). 

Proposition 2.2. Given a subcategory X of a Grothendieck category C, an object 
X £ \/x if and only if there is a filtration 

Xo C Xi C • • • C C • • • 

such that X = Up^p> Xy= Up<y^p ifyis a limit ordinal, and Xo,X^_f_i/Xp G {x®) 
with X® standing for the subcategory of C consisting of direct sums of objects in 
X. 
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Proof. It is easy to see that every object having such a filtration belongs to ^Jx . It 
is enough to show that the full subcategory 3 of such objects is localizing. Let 



be a short exact sequence with X,Z ^ 5 . Let Xq C 
Zfx C • • • be the corresponding filtrations. Put Y^ = ^ 
exact sequence for any a 



• • • C C • • • and Zo C • • • C 
fZrv). Then we have a short 



^ * ^ ~^ Z(x 

with Fa+i/Fa = Za+i/Za- We have the following filtration for Y: 

XoC---CXpC---CX = |JXpCFoC---CFaC--- 

P 

It follows that F G 5 . We see that 5 is closed under extensions. 

Now let y G 5 with a filtration Fq C • • • C Fa C • • • . Set Xa = X n Fa and Z^ = 
Fa/Xa. We get filtrations C • • • C Xa C • • • and Zq C • • • C Z^ C • • • for X and 
Z respectively. Thus X , Z G 5 , and so 5 is a Serre subcategory. It is plainly closed 
under direct sums, hence it is localizing. □ 

Corollary 2.3. Let X be a subcategory in C closed under subobjects, quotient ob- 
jects, and direct sums. An object M ^ C is -closed if and only //'Hom(X,M) = 
Exti(X,M) = 0/ora//X GX. 

Proof Suppose Hom(X,M) = Ext^(X,M) = for all X G ;f . We have to check 
that Hom(F,M) = Ext^ (F,M) = for all F G ^X. By Proposition [12] there is a 
filtration 

FoCFi C-.-CFpC-.- 
such that F = Up5^p> 5y = Up<yJp if Y is a limit ordinal, and Fo,Fp+i/Fp g (x®) = 
X . One has an exact sequence for any P 

Hom(Fp+i/Fp,M) ^ Hom(Fp+i,M) ^ Hom(Fp,M) ^ 
^Exti(Fp+i/Fp,M) ^Exti(Fp+i,M) ^Exti(Fp,M). 

One sees that if Hom(Fp,M) = Ext^ (Fp,M) = then Hom(Fp+i ,M) = Ext^ (Fp+i ,M) : 
0, because Fp+i /Fp G X . Since Fq G X it follows that Hom(Fp,M) = Ext^ (Fp,M) = 
for all finite p. 

Let y be a limit ordinal and Hom(Fp,M) = Ext' (Fp,M) = for all p < y. We 
have Hom(Fy,M) = limp^^Hom(Fp,M) = 0. Let us show that Ext' (F),,M) = 0. To 
see this we must prove that every short exact sequence 

M ^ ^ Fy 



is split. One can construct a commutative diagram 
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with N<^ = p ^ (Fp). Clearly, Ey = IJp Sp. Since the upper row splits, there exists a 
morphism xp such that /Jpxp = 1. Consider the following commutative diagram: 

M> ^N^-^Y^ 

Y 

M> ^ -^p+i Jp+i 

We want to check that xp_|_ivp = wpxp. Since the right square is cartesian and 
Pp+i^p+i^^p = ^P' there exists a unique morphism x : 7p ^ A^p such that ppx = 1 
and MpT = xp+ivp. We claim that x = xp. Indeed, pp(x — xp) = and hence x — xp 
factors through M. The latter is possible only if x — xp = 0, for Hom(Fp,M) = by 
assumption. Therefore x = xp. It follows that the family of morphisms xp : Fp ^ 
A^p is directed and then po (limxp) = ( Urn pp) o (limxp) = lim(/7pxp) = 1. Thus 
p is split. □ 

Recall that the injective spectrum or the Gabriel spectrum Sp C of a Grothendieck 
category C is the set of isomorphism classes of injective objects in C. It plays an 
important role in our analysis. Given a subcategory X in C we denote by 

(x) = {£ G SpC I Home (X, £) for someX GX}. 
Using Proposition 12.11 and the fact that the functor Hom(— ,£), £ G Sp C, is exact, 
we have (x) = Uxex(^) = (\/^)- 
Proposition 2.4. The collection of subsets ofSpC, 

{{s) \ S C C is a localizing subcategory} , 

satisfies the axioms for the open sets of a topology on the injective spectrum SpC. 
This topological space will be denoted by Sp^^,^ C. Moreover, the map 

(2.1) S^{S) 

is an inclusion-preserving bijection between the localizing subcategories S of C 
and the open subsets ofSpg^j, C. 

Proof First note that (0) = and (c) = SpC We have (5i) n (52) = {SiHSi) 
because every £ G SpC is uniform and ts^{E) r]ts2{E) G 5i 52 whenever 
E G (5i)n (52). Also, UieiiSi) = (U,-e/5,-) = (y/UieiSi). 

The map (12.11 ) is plainly bijective, because every localizing subcategory S con- 
sists precisely of those objects X such that Hom(X,£') = for all £ G SpC \ 
is). □ 

Given a localizing subcategory S in C, the injective spectrum Spg„^(c/5) can 
be considered as the closed subset Sp^^^ C\{s). Moreover, the inclusion 

is a closed map. Indeed, if ?7 is a closed subset in Spg^ij{c /s) then there is a 
unique locahzing subcategory T in C /S such that U = Spg^i,{c /5 ) \ (T ). By ^ 
1.7] there is a unique localizing subcategory (P in C containing 5 such that c/v 
is equivalent to {c /s)/T . It follows that U = Sp^^^ c\{(P), hence U is closed in 
SpgatC. 

On the other hand, let Q, be a localizing subcategory of C. Let us show that 
O := ici)^Spgaj,{C /s) is an open subset in Spg^hic/s). 
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Lemma 2.5. Let Q, denote the full subcategory of objects of the form with X G 
Q,. Then Q, is closed under direct sums, subobjects, quotient objects in C j S and 
O = {\/Q_)- Moreover, ifT is the unique localizing subcategory of C containing S 
such that C /T = {C /s)/^/(l then the following relation is true: 

that is T is the smallest localizing subcategory containing CI and S. We shall also 
refer to T as the join of Q_ and S. 

Proof. First let us prove that Q, is closed under direct sums, subobjects, quotient 
objects in c/S. It is plainly closed under direct sums. Let 7 be a subobject of 
Xj, X G Q,, and let : X ^ X^ be the 5 -envelope for X. Then W = X^\Y) is a 
subobject of X, hence it belongs to Q,, and F = . If Z is a C /5-quotient of X^ 
and 71 : ^ Z is the canonical projection, then Z = V5 with V = X /Ker{nXx) G Q,- 
So Q, is also closed under subobjects and quotient objects in C /S. 

It follows that (q,®) = Q, and (q,) = (^/Q,). On the other hand, O = (q,) as one 
easily sees. Thus O is open in Spg^,^(c /s). 

Clearly, 

(r) = {(i)u{s) = idus) = iVidUs)). 

By Proposition [23] T = Q, U 5 ) . □ 

We summarize the above arguments as follows. 

Proposition 2.6. Given a localizing subcategory S in C, the topology on Spg^i,{c /s) 
coincides with the subspace topology induced by Sp^^^ C. 

3. Finite localizations of Grothendieck categories 

In this paper we are mostly interested in finite localizations of a Grothendieck 
category C . For this we should assume some finiteness conditions for C . 

Recall that an object X of a Grothendieck category C is finitely generated if 
whenever there are subobjects X, C X with / G / satisfying X = L,e/X,, then there 
is a finite subset J C I such that X = L/eyX,. The subcategory of finitely gener- 
ated objects is denoted by fg C A finitely generated object X is said to he finitely 
presented if every epimorphism y : 7 — > X with Y £fgC has the finitely generated 
kernel Kery. By fp C we denote the subcategory consisting of finitely presented 
objects. The category C is locally finitely presented if every object C G C is a di- 
rect limit C = limC; of finitely presented objects Q, or equivalently, C possesses a 
family of finitely presented generators. In such a category, every finitely generated 
object A G (T admits an epimorphism r\ : B A from a finitely presented object B. 
Finally, we refer to a finitely presented object X G C as coherent if every finitely 
generated subobject of X is finitely presented. The corresponding subcategory of 
coherent objects will be denoted by coh C. A locally finitely presented category C 
is locally coherent if coh C =fpC. Obviously, a locally finitely presented category 
C is locally coherent if and only if coh C is an abelian category. 

In Q it is shown that the category of quasi-coherent sheaves Qcoh(X) over a 
scheme X is a locally X-presentable category, for X a certain regular cardinal. How- 
ever for some nice schemes which are in practise the most used for algebraic ge- 
ometers like quasi-compact and quasi-separated there are enough finitely presented 
generators for Qcoh(X). 
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Proposition 3.1. Let X be a quasi-compact and quasi-separated scheme. Then 
Qcoh(X) is a locally finitely presented Grothendieck category. An object J E 
fp(Qcoh(X)) if and only if it is locally finitely presented. 

Proof. By ifTTl 1.6.9.12] every quasi-coherent sheaf is a direct limit of locally 
finitely presented sheaves. It follows from EE Prop. 75] that the locally finitely 
presented sheaves are precisely the finitely presented objects in Qcoh(X). □ 

Recall that a localizing subcategory 5 of a Grothendieck category C is of fi- 
nite type (respectively of strictly finite type) if the functor i: C js ^ C preserves 
directed sums (respectively direct limits). If C is a locally finitely generated (re- 
spectively, locally finitely presented) Grothendieck category and S is of finite type 
(respectively, of strictly finite type), then C js is a locally finitely generated (re- 
spectively, locally finitely presented) Grothendieck category and 

fg(c/5) = {Q I C G fgC} (respectively fp(c/5) = {Q | C e fpc}). 

If C is a locally coherent Grothendieck category then 5 is of finite type if and 
only if it is of strictly finite type (see, e.g., [7, 5.14]). In this case C j S is locally 
coherent. 

The following proposition says that localizing subcategories of finite type in a 
locally finitely presented Grothendieck category C are completely determined by 
finitely presented torsion objects (cf. lfT3l[T9l ). 

Proposition 3.2. Let S be a localizing subcategory of finite type in a locally finitely 
presented Grothendieck category C. Then the following relation is true: 

s = ^/{fpcns). 

Proof Obviously, ^/{fpC HS) C S. Let X e 5 and let F be a finitely generated 
subobject of X. There is an epimorphism r] : Z — > F with Z e fpC. By 171 5.8] 
there is a finitely generated subobject W C Kerr] such that Z/W € 5 . It follows that 
Z/W G fp C n 5 and Y is an epimorphic image of Z/W. Since X is a direct union 
of finitely generated torsion subobjects, we see that X is an epimorphic image of 
some ®ieiSi with each Si efp CDS. Therefore S C ^(fp cns). □ 

Lemma 3.3. Let Q, and S be two localizing subcategories in a Grothendieck cate- 
gory C. IfX G C is both Q, -closed and S -closed, then T = ^( Q, U 5 ) -closed. 

Proof By LemmaOc/T ^ ic/s)/y/(i, where Q, = {Cs e C /S \ C e Q,} and 
is closed under direct sums, subobjects, quotient objects in c/S. To show that 

X = X5 is a T -closed object it is enough to check that X is ^Q, -closed in C /S. 

Obviously Hom^/j (A,X) = for all A G Q,. 
Consider a short exact sequence in C /S 

E: X^Y ^Cs 
with C G Q,. One can construct a commutative diagram in C 

p' 

E' : X> ^ Y' ^ C 

E: X> ^y— 
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with the right square cartesian. Let C = Im^ p' then C' S Q,, = Q and the short 
exact sequence 

E": X^Y't C' 

spUts, because ExtJ, (C',X) = 0. It follows that E splits for E =E'^= Therefore 
X is V'O.-closed by Corollary [231 □ 

Below we shall need the following 

Lemma 3.4. Given a family of localizing subcategories of finite type {5,},e/ in a 
locally finitely presented Grothendieck category C, their join T = \/'{UieiSi) is a 
localizing subcategory of finite type. 

Proof. Let us first consider the case when / is finite. By induction it is enough 
to show that the join T = ^(Q,U5)of two localizing subcategories of finite type 
Q, and S is of finite type. We have to check that the inclusion functor C /T ^ C 
respects directed sums. It is plainly enough to verify that X = is a T -closed 

object whenever each Xa is T -closed. Since Q, and S are of finite type, X is both 
Q,-closed and 5-closed. It follows from Lemma [331 that X is T -closed. Therefore 
T is of finite type. 

Now let {Si}iei be an arbitrary set of localizing subcategories of finite type. 
Without loss of generality we may assume that / is a directed set and Si C Sj for 
/ < j. Indeed, given a finite subset / C / we denote by 5/ the localizing subcategory 
of finite type ^/{UjeJSj). Then the set R of all finite subsets / of / is plainly 
directed, 5/ C 5/ for any J C J', and T = ^/{UJeRSJ). 

Let X denote the full subcategory of C of those objects which can be presented 
as directed sums Y^Xa with each Xa belonging to U,e/5, . Since / is a directed set and 
Si C Sj for i < j, it follows that a direct sum X = ©y^r^y with each Xy belonging to 
U,e/5(. is in X . Indeed, X = Y^Xs with S running through all finite subsets of F and 
Xs = ®yesXy G LlieiSi. Therefore if {Xplp^g is a family of subobjects of an object 
X and each Xp belongs to Ui^iSi, then the direct union ^Xp belongs to X . 

The subcategory X is closed under subobjects and quotient objects. Indeed, let 
X = Y,Xa with each X^ belonging to Ui^iSi. Consider a short exact sequence 

Y ^X^Z. 

We set Ya = Y nXa and Za = X^/Y^ C Z. Then both Y^ and Z^ are in Ui^iSi, 
Y = Fn (IXa) = IF nX„ = IFa and Z = IZa. So Y,Z£X. 

Clearly, X is closed under directed sums, in particular direct sums, hence X = 
{x®) and T = yjx. If we show that every direct limit C = limCs of T -closed 
objects Cg has no T -torsion, it will follow from [L 5.8] that T is of finite type. 

Using Proposition |2]2j it is enough to check that Hom^ (^jC) = for any object 
X S . Let F be a finitely generated subobject in X. There is an index /q G / such 
that F G 5,0 and an epimorphism r] : Z ^ F with Z G fp C. By [7, 5.8] there exists 
a finitely generated subobject IV of Kerr] such that Z/IV G 5,0. Since Z/W G fpC 
then Hom(Z/lV,C) = lim Hom (Z/WjCg) = 0. We see that Hom(F,C) = 0, and 
hence Hom(X , C) = 0. □ 

Given a localizing subcategory of finite type 5 in C , we denote by 
0(5) = {£GSpC U5(£)/0}. 
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The next result has been obtained by Herzog fTT| and Krause fT9l for locally 
coherent Grothendieck categories and by Garkusha-Prest 1,10,1 for the category of 
modules Mod/? over a commutative ring R. 

Theorem 3.5. Suppose C is a locally finitely presented Grothendieck category. The 
collection of subsets ofSpC, 

{0{s) \ S C C is a localizing subcategory of finite type}, 

satisfies the axioms for the open sets of a topology on the injective spectrum SpC. 
This topological space will be denoted by Spy / C and this topology will be referred 
to as the fl-topology ("fi" for finite localizations). Moreover, the map 

(3.1) 5 1 — >0{S) 

is an inclusion-preserving bijection between the localizing subcategories 5 of finite 
type in C and the open subsets ofSp^iC. 

Proof First note that 0{s) = (s), 0(0) = and 0{c) = SpC We have 0(5i) n 
0{S2) = (5i n52) by Proposition l2.4l We claim that 5i HSi is of finite type, whence 
0{Si) n 0(52) = 0{Si Pi 52)- Indeed, let us consider a morphism f : X ^ S from 
a finitely presented object X to an object 5 G 5i 52. It follows from 171 5.8] that 
there are finitely generated subobjects Xi,X2 C Ker/ such that X/X,- G Si, i = 0, 1. 
Then Xi +X2 is a finitely generated subobject of Ker / and X / {Xi +X2) G 5i n 52- 
By 111 5.8] 5i n52 is of finite type. 

By Lemma [34l A^/ U,vzf 5,- is of finite type with each 5; of finite type. It follows 
from Proposition 123] that U,e/6>(5,) = 0(U;e/5,) = 0(^U;e/5,). 

It follows from Proposition I2.4l that the map (13.11 ) is bijective. □ 

Let Lioc{c) denote the lattice of localizing subcategories of C, where, by defini- 
tion, 

5AQ,=5nQ,, 5VQ, = y(5UQ,) 

for any 5 , Q, G Liodc). The proof of Theorem 13 . 5 1 shows that the subset of local- 
izing subcategories of finite type in Lioc(c) is a sublattice. We shall denote it by 

Lf.iocic). 

Remark. If C is a locally coherent Grothendieck category, the topological space 
SpfiC is also called in literature the Ziegler spectrum of C. It arises from the 
Ziegler work on the model theory of modules |[27l . According to the original 
Ziegler definition the points of the Ziegler spectrum of a ring R are the isomorphism 
classes of indecomposable pure-injective right /?-modules. These can be identified 
with Sp(/?mod, Ab), where (/?mod,Ab) is the locally coherent Grothendieck cat- 
egory consisting of additive covariant functors defined on the category of finitely 
presented left modules /?mod with values in the category of abelian groups Ab. The 
closed subsets correspond to complete theories of modules. Later Herzog (13) and 
Krause 1 19] defined the Ziegler topology for arbitrary locally coherent Grothendieck 
categories. 

Proposition 3.6. Given a localizing subcategory of strictly finite type 5 in a locally 
finitely presented Grothendieck category C, the topology on Spfi{c/s) coincides 
with the subspace topology induced by Spy / C. 
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Proof. By fT, 5.9] C /S is a locally finitely presented Grothendieck category, and 
so the fl-topology on Sp{c /s) makes sense. Let 0{'P) be an open subset of 
Spj; (c/5 ) with a localizing subcategory of finite type of C /S . There is a unique 
localizing subcategory T of C such that {c / S) /v = C /T . We claim that T is of 
finite type. 

It is plainly enough to verify that X = ^^X^ is a T -closed object whenever 
each Xoi is T -closed. Since 5 and 9 are of finite type in C and C /S respectively, 
X is both 5 -closed and ff" -closed in C and C /S respectively. It follows that X is 
T -closed. Therefore T is of finite type and 0{'B) = S'pfi{c / S)^^0{T). 

Now let Q, be a localizing subcategory of finite type in C. We want to show 
that Spj,(c/5) nO(Q,) is open in S'pfi{c/s). Let q, = {X^- | X e Q,}, then Q, 
is closed under direct sums, subobjects, quotient objects in C /S (see the proof of 
Lemma 1231) and 0(q,) = = Sp^,((r/5) n 6>(q,). We have to show that 

-^Q, is of finite type in C /S. 

If we show that every direct limit C = liro^^^ Q of ^Q,-closed objects Cg has 

no yQ,-torsion, it will follow from ||7] 5.8] that ^Q, is of finite type. Obviously, 
each Cg is Q,-closed. 

Using Proposition 12.21 it is enough to check that Hom^ (X,C) = for any object 
X G Q,. Since S is of strictly finite type, one has C = lim^Cg. Each Cg is en- 
closed, and therefore lim^Cg has no Q,-torsion by |7, 5.8] and the fact that Q, is 
of finite type. There is an object ^ G Q, such that =X. Then Homc/5 (X,C) = 
Hom,; (y,lim Cg) =0, as required. □ 



4. The TOPOLOGICAL SPACE Sp^, eg (X) 

In the preceding section we studied some general properties of finite localiza- 
tions in locally finitely presented Grothendieck categories and their relation with 
the topological space Spj/ C. In this section we introduce and study the topolog- 
ical space Spy^/^(X) which is of particular importance in practice. If otherwise 
specified, X is supposed to be quasi-compact and quasi-separated. 

Given a quasi-compact open subset U C X, we denote hy Su = {f G Qcoh(X) | 
f\u= 0}. It follows from iH 5.9] and the fact that fp(Qcoh([/)) when- 

ever f G fp(Qcoh(X)) that 5u is of strictly finite type. Below we shall need the 
following 

Lemma 4.1. Let X be a quasi-compact and quasi-separated scheme and let U,V 
be quasi-compact open subsets. Then the following relation holds: 

Sunv = a/(5{/ U5y). 

Proof. Clearly, Sunv contains both Su and Sv and so Sunv ^ \/(5{/U5y). Let 
f G Sunv and let j :U ^ X be the canonical inclusion. Then ) G Sv- One 

has the following exact sequence 

Since t^y {f)eSu and \m{X^ ) G Sv, we see that f G y/{Su U 5y ). □ 
We denote by Spj;(X) the topological space Spj;(Qcoh(X)). 



11 



Corollary 4.2. Let X be a quasi-compact and quasi-separated scheme and X = 
UUV with U,V quasi-compact open subsets. Then the following relations hold: 

Sp(x) = Sp([/)uSp(y), Sp([/ny) = Sp([/)nSp(y) 
Spfi{x) = Spfi{u)uSpfi{v), Spf,{unv) = Spfi{u)nSpfi(v). 

Proof. It follows from the fact that 5c/ n 5v = 0, Propositions O [Til 
Theorem [331 and Lemma ITTl □ 



Let Lioc(^) (respectively, Lf ioc(^)) denote the lattice Lioc(Qcoh(X)) (respec- 
tively, Lf ioc(Qcoh(X))). It follows from Proposition 12.41 and Theorem [33] that the 
map Lioc(X) Lopen(Sp(X)) (respectively, Lf.ioc(X) Lopen(Spj/(X))) is a lattice 
isomorphism. Suppose U C X is a quasi-compact open subset. Then the map 

where S\u = \u = fsu I ^ G 5 }, is a lattice map. If V is another quasi-compact 
subset of X such that X = UiJV then, obviously. 

By the proof of Proposition 13.61 ay is ) G Lf ioc(t/) for every 3 G Lf.ioc(t/). Thus 
we have a map 

^X,U '■ ^f.loc(X) Lf.ioc(t/). 

The notion of a puUback for lattices satisfying the obvious universal property is 
easily defined. 

Lemma 4.3. The commutative squares of lattices 

a.x.u 



and 



a.x,v 

Luoc (X) 

ax.v 



o-v,uriv 



a-x.u 



hociU) 

<^u,unv 

z^ioc(f/nv) 

LnociU) 



Luociy) > LuociUnV) 



are pullback. 



Proof. It is enough to observe that the commutative squares of lemma are isomor- 
phic to the corresponding pullback squares of lattices of open sets 

^open 

(Sp(X)) Lope„(Sp([/)) 



a-x.v 



o-u,unv 



^open(Sp(V)) Lopen(Sp(t/ny)) 



and 



(Spn(X)) 



-open Wf^/ZV 

ax.v 



'-open 



ax.u 



o-v.unv 



'-open 

c^u.unv 
'-open 
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(see Proposition 12.41 Theorem [331 and Corollary I4.2I ). □ 

Recall that Qcoh(X) is monoidal with the tensor product C^x right exact and 
preserving direct limits (see [.18. §11.2]). 

Definition. A localizing subcategory S of Qcoh(X) is said to be tensor if ^ 0x Q £ 
S for every jF G 5 and g G Qcoh(X). 

Lemma 4.4. A localizing subcategory of finite type S C Qcoh(X) is tensor if and 
only iff ®x Q ^ S for every f es nfp(Qcoh(X)) and g £ fp(Qcoh(X)). 

Proof. It is enough to observe that every f G 5 is a quotient object of the direct 
sum of objects from S nfp(Qcoh(X)) and that every object g G Qcoh(X) is a direct 
limit of finitely presented objects. □ 

Lemma 4.5. Let X C Qcoh(X) be a subcategory closed under direct sums, sub- 
objects, quotient objects, and tensor products. Then \/x is a tensor localizing 
subcategory. 

Proof. By Proposition 12.21 an object f G if and only if there is a filtration 

iFo C iFi C • • • C iFp C • • • 

such that T = [j^f^, fy = \Jp<:yff, if Y is a hmit ordinal, and Jo,iFp+i/iFp G 
{x®)=x. 

We have !Fo(g)xg G X for any g G Qcoh(X). Suppose [3 = a + 1 and Ox G 
^yx. One has an exact sequence 

Ta(^x g ^ fp<S)x g ^ {9^/!Fa) ®xg ^0. 

Since (fp/fa) ®xg and Im/ G ^Jx , we see that fpfSixg G y/x . If yis a limit 
ordinal and ^Tp Ox ^ G ^/x for all P < y, then f^(^xg= limp<^(^p ®xg)^\/x. 
Therefore is tensor. □ 

The next statement is of great utility in this paper. 

Reduction principle. Let & be the class of quasi-compact, quasi-separated schemes 
and let P be a property satisfied by some schemes from 6. Assume in addition the 
following. 

(1) P is true for affine schemes. 

(2) If X £ &, X = U UV , where U,V are quasi-compact open subsets ofX, 
and P holds for U,V,U CiV then it holds for X. 

Then P holds for all schemes from (3. 

Proof See the proof of ^ 3.9.2.4] and El 3.3. 1]. □ 

Lemma 4.6. The join 1 = U Q,) of two tensor localizing subcategories 5 , Q, C 
Qcoh(X) is tensor. 

Proof. We use the Reduction Principle to demonstrate the lemma. It is true for 
affine schemes, because every localizing subcategory is tensor in this case. Sup- 
pose X = UV)V , where ?7 , V are quasi-compact open subsets of X , and the assertion 
is true for U,V,U n V. We have to show that it is true for X itself. 
We have the following relation: 

ax,ui^) = {Vis\u))vWi^\u)). 
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Given f ,g ^ Qcoh(X) there is a canonical isomorphism (see ifTSl II.2.3.5]) 

{f\u)®u{g\u) = {f ®xg)\u- 

It follows that both S \u and Q,|(/ are closed under tensor products. By Lemma 1431 
both \/s\u and y/oJw are tensor. By assumption, the join of two tensor localiz- 
ing subcategories in Qcoh(?7) is tensor, and so ax.u{T) is tensor. For the same 
reasons, ax.y(T) is tensor. Obviously, T is tensor whenever so are axjj{T) and 
ax.viT ). Therefore T is tensor as well and our assertion now follows from the 
Reduction Principle. □ 

Given a tensor localizing subcategory of finite type 5 in Qcoh(X), we denote by 

0(5)={E GSp(X)U,(E)/0}. 

Theorem 4.7. The collection of subsets of the injective spectrum Sp(X), 

{o{s) \ S d C is a tensor localizing subcategory of finite type}, 

satisfies the axioms for the open sets of a topology on Sp(X). This topological 
space will be denoted by Spy;g,(X) and this topology will be referred to as the 
tensor fl-topology. Moreover, the map 

(4.1) 5 1 — >0{S) 

is an inclusion-preserving bijection between the tensor localizing subcategories S 
of finite type in Qcoh(X) and the open subsets o/Spy; 

Proof. Obviously, the intersection 5i 52 of two tensor localizing subcategories 
of finite type is a tensor localizing subcategory of finite type, hence 0{S\ PiSi) = 
0(5i) n 0(52) by Theorem|331 

Now let us show that the join T = ^ (U;e/5,) of tensor localizing subcategories 
of finite type 5, is tensor. By induction and Lemma l4~6l T is tensor whenever / is 
finite. Now we may assume, without loss of generality, that / is a directed index 
set and Si C Sj for any / < j. By the proof of Lemma [33] T = \/x with X the 
full subcategory of Qcoh(X) of those objects which can be presented as directed 
sums ^Foi with each belonging to Ui^iSi- Then X is closed under direct sums, 
subobjects and quotient objects. It is also closed under tensor product, because 
commutes with direct limits. By Lemma 1431 T is tensor and by Lemma [33] T is 
of finite type. 

Theorem [33] imphes that 0{^y(UieiSi)) = Uie/0(5,) and the map (14.11 ) is bijec- 
tive. □ 

We denote by Lf ioc,®(X) the lattice of tensor localizing subcategories of finite 
type in Qcoh(X). 

Corollary 4.8. The commutative square of lattices 

Li.loc,(g){X) ^ ^f.loc,®(^^) 



o-u.unv 



U.\oc,(S>[y) > i^f.ioc.(g)(t/n\/) 

is pullback. 

Proof. The proof is similar to that of Lemma 14.31 □ 
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5. The classification theorem 

Recall from fT4l that a topological space is spectral if it is Tq, quasi-compact, 
if the quasi-compact open subsets are closed under finite intersections and form an 
open basis, and if every non-empty irreducible closed subset has a generic point. 
Given a spectral topological space, X, Hochster |[T4l endows the underlying set 
with a new, "dual", topology, denoted X* , by taking as open sets those of the form 
Y = U(en where F, has quasi-compact open complement X \ F,- for all / G Q.. Then 
X* is spectral and {X*)* = X (see [14. Prop. 8]). 

As an example, the underlying topological space of a quasi-compact, quasi- 
separated scheme X is spectral. In this section we shall show that the tensor local- 
izing subcategories of finite type in Qcoh(X) are in 1-1 correspondence with the 
open subsets of X* . If otherwise specified, X is supposed to be a quasi-compact, 
quasi-separated scheme. 

Given a quasi-compact open subset D C X, we denote hy 3d = {l G Qcoh(X) | 
J\d = 0]. 

Proposition 5.1. Given an open subset O = U/O, C X*, where each Di =X\ Oj is 
quasi-compact and open in X, the subcategory S = {j G Qcoh(X) | suppjj^ (jF ) C 
0} is a tensor localizing subcategory of finite type and 5 = \/{^iSd)- 

Proof. Given a short exact sequence in Qcoh(Z) 

one has suppx(lF) = suppx(ir')Usuppx(iF"). It follows that5 is aSerre subcate- 
gory. It is also closed under direct sums, hence localizing, because suppj^(©/ir,) = 

U/suppx(ir,). 

We use the Reduction Principle to show that 5 is a tensor localizing subcategory 
of finite type and S = \/(U/5z),)- It is the case for affine schemes (see ifTOl 2.2]). 
Suppose X = U L}'V , where U ,V are quasi-compact open subsets of X, and the 
assertion is true for U,V,U HV. We have to show that it is true for X itself. 

For any ^ € Qcoh(X) we have 

SUPPz(i^ ) = SUpPf;(:r If/) USUpPy(j Iv). 

Clearly, OHU is open in U* and supp(/(^ \u) '^OHU for any f £ S. We see that 
S\u = {:F\u = fsu 1^65} is contained in 5 (?7) = { J G Qcoh(?7) | suppf;(ir) C 
Or\U}. By assumption, 5(?7) is a tensor localizing subcategory of finite type in 
Qcoh([/) and5(t/) = V(U/5z),n{/)- We have 5 (t/) D ^(s\u). Similarly, 5 (V) D 

yj(s\v) and 5(V) = V(U/5D,ny)- 
Since 

/ \ / \ Lem. l4.ll 

ProH^O^^ G Qcoh(C/ny) I suppc/ny(iF) C OiDUDV}, 
it follows that 

C(-u,unv{s{U)) =av,unv{s{V)) = 
S{UnV) = {!F e Qcoh(i7 n V) \ suppj^ny (ir )<^OnUnV} = y/{UiSD,nunv)- 
By Corollary 14.81 there is a unique tensor localizing subcategory of finite type 
T e LuocM ^vichthat ^{r\u)=S{U),,/{r\v)=S{V) and T =^{UiSd,)- By 
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construction, suppx(ir ) C O for all ^ G T, and hence T C 5, ^(T C ^/{s\u), 
Iv) ^ Therefore 5(V) = and 5(V) = V(?|v). By Corol- 

lary |4]8] we have 5 = T. □ 



Let X = ULIV with U, V open, quasi-compact subsets. Then X* = U*LI V* and 
both U* and V* are closed subsets of X*. Let Y G Lopen(X*) then F = U/K,- with 
each D, : = X\Yi open, quasi-compact subset in X. Since each D, n ?7 is an open 
and quasi-compact subset in U, it follows that Y nU = U/(F,- H ?7) G Lopen(f^*)- 
Then the map 

Px,f/:Z.open(X*)^Lopen ([/*), F ^ F H 

is a lattice map. The lattice map ^x,v '■ ^open(^*) — > ^open(^*) is similarly defined. 
Lemma 5.2. The square 

Lopen{^ ) ^ ^ ^open(f^ ) 

P(/,(/nv 

Lopen(V*) Lope„(([/ny)*) 

/5 commutative and pullback. 

Proof. It is easy to see that the lattice maps 

l'GZ.open(X*)^(Fn[/,FnV) GLopen(f/*) fl ^open(V*) 

Lopen(([/ny)*) 

and 

(>'l,J2)GZ^open(f/*) n ^open(V*)^FiUF2GLopen(X*) 

iope„((f/nv)*) 

are mutual inverses. □ 
Lemma 5.3. Given a subcategory X in Qcoh(X), we have 

U suppx(:r ) = U suppx(:r ). 

rex 'ie~Jx 

Proof. Since supp;(-(e/iF,) = U/Supp;(-(^^,) anAswppxi^ ) = suppx(ir')Usupp;(.(ir") 
for any short exact sequence f'^f ^ in Qcoh(X), we may assume that X 
is closed under subobjects, quotient objects, and direct sums, i.e. X = {x®). If 
f = Y^i^i we also have swppxi^) ^ U/supp;(^(iF,). Now our assertion follows 
from Proposition IT2I □ 

Lemma 5.4. Given a tensor localizing subcategory of finite type S G Z.fioc,®(X), 
the set 

Y=[j supp;,(ir) 

res 

is open in X*. 

Proof. We use the Reduction Principle to show that F G Lopen(X*). It is the case for 
affine schemes (see [10, 2.2]). Suppose X = U UV, where U,V are quasi-compact 
open subsets of X, and the assertion is true for U ,V,U HV . We have to show that it 
is true for X itself. 
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By Corollary gjax.f/ (5) = VCs\u) G Lnoc^U) and ax.y{s) = VOW) e 
LfAoc,(giV). By assumption, 

7l= IJ Suppf;(ir) GLopen(f/*) 

and 

^2= U SUpPt.(iF) GLopen(V*). 

By Lemma |53] 

Yi= [j supp(;(ir) = (J suppc/(ir|{/) 

and 

F2= U suppv(:r) = U supp^(jlv). 

For every J G Qcoh(X) we have supp;(^(fF ) = suppj;(iF Usuppy(iF There- 
fore Fi = y n and ^2 = J' n y . By LemmaOJ' = Fi U ^2 G ^open(^*)- □ 

We are now in a position to prove the main result of the paper. 

Theorem 5.5 (Classification; see Garkusha-Prest flOl for affine schemes). Let X 
be a quasi-compact, quasi-separated scheme. Then the maps 

Y^S{Y) = {f GQcoh(X) I supp;f(:r) CF} 

and 

induce bijections between 

(1) the set of all subsets of the form Y = Ufea^i ^^^^ quasi-compact open 
complement X \ Yifor all i G Q.; that is, the set of all open subsets ofX*, 

(2) the set of all tensor localizing subcategories of finite type in Qcoh(X). 

Moreover, S{Y) = y(U,-e/5 (F;)) = V(U,e/5D,), where Di =X\Yi, So, = {^T G 
Qcoh(X) I J Ia = 0}. 

Proof By PropositionlOand Lemma[574lcpY (Y) GLf.ioc,®(X) and\|/x(5) GLopen(X*)- 
We have lattice maps 

'■ 'f-open(^*) l-f.\oc,®{^), W '■ ^f.loc,®(^) ^ ^open(^*)- 

We use the Reduction Principle to show that cpx\|/jf = 1 and \|/xcpx = 1- It is the 
case for affine schemes (see [10, 2.2]). Suppose X = U VJV , where U are quasi- 
compact open subsets of X, and the assertion is true for U,V,U D V. We have to 
show that it is true for X itself. 
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One has the following commutative diagram of lattices: 



^open 



■Z.open((t/n\/)*) 



^open (-^ ) 
Vx 



I 

^f.loc,C3(V) ■■■■ 
^ I 



(Pf/nv 



■z.f.ioc,»(i7nv) 



\ 



U 



LopeniU 



■Lop,n{{unvY 



By assumption, all vertical arrows except cpx,\|/z are bijections. Precisely, the 
maps cp{7,\|/f/ (respectively cpy,\|/v/ and cp[/ny,\|/{7ny) are mutual inverses. Since 
each horizontal square is pullback (see Corollary 14.81 and Lemma IS!2l ). it follows 
that cpx,\|/x are mutual inverses. 

The fact that s{Y) = ^J {UieiS (F,)) = ^/ (U;e/5 |d,) is a consequence of Proposi- 
tions [TT] and |5ll] The theorem is proved. □ 

Denote by £'per(X) the derived category of perfect complexes, the homotopy 
category of those complexes of sheaves of Ox -modules which are locally quasi- 
isomorphic to a bounded complex of free Ox -modules of finite type. We say a 
thick triangulated subcategory A C £'per(^) is a tensor subcategory if for each 
object E in ©per(^) and each A in A, the derived tensor product E (g)^ A is also in 
J?. 

Let £■ be a complex of sheaves of Ox-modules. The cohomological support of 
E is the subspace supph;(^(£') C X of those points G X at which the stalk complex 
of Ox,.v-modules E^ is not acyclic. Thus supph;5^(£') = U„ggsuppx(^n(£')) is the 
union of the supports in the classic sense of the cohomology sheaves of E. 

We shall write Z.thick(©per(^)) to denote the lattice of all thick subcategories of 

2'per(^)- 

Theorem 5.6 (Thomason 11261 ). Let X be a quasi-compact and quasi-separated 
scheme. The assignments 

T eLthick(®per(^))^F(T)= U SUpph;f(£) 

Eel 

and 

Y G Z.open(^*) ^T{Y) = {Ee ®per(X) | SUpph;^ (£) C Y] 

are mutually inverse lattice isomorphisms. 

The next result says that there is a 1-1 correspondence between the tensor thick 
subcategories of perfect complexes and the tensor localizing subcategories of finite 
type of quasi-coherent sheaves. 



Theorem 5.7 (see Garkusha-Prest llTOll for affine schemes). Let X be a quasi- 
compact and quasi-separated scheme. The assignments 



T GLthick(®per(^))^5 ={:r GQcoh(X) I suppx(ir) cy(T)} 
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and 



S G LtiocM ^{E£ ®per(X) \HniE)£S for all neZ} 



are mutually inverse lattice isomorphisms. 



Proof. Consider the following diagram 





^thick(©per(^)) 



P 



in which cp,v are the lattice maps described in Theorems 15.51 and 15.61 Using the 
fact that supphif (£■) = lJ,jg2Suppj^(//„(£')), E E ®per(^), and Theorems 15.51 15.61 
one sees that xcp = v and pv = (p. Then px = pvcp"^ = cpcp"^ = 1 and xp = xcpv"' = 



Given P £ X there is an affine neighborhood U = SpecT? of P. Let Ep denote 
the injective hull of the quotient module R/P. Then Ep is an indecomposable 
injective /^-module. By Proposition 12. II Mod/? can be regarded as the quotient 
category Qcoh{X) /Su, where Su = Ker with ju :U the canonical injection. 
Therefore * : Mod/? Qcoh(X) takes injectives to injectives. We set (x(P) = 
;[/,*(£p)GSp(X). 

The definition of a does not depend on choice of the affine neighborhood U . 
Indeed, let f G V = Spec 5 with S a commutative ring. Then jV,* {Ep) = jv,* (Ep) = 
junv,*{Ep), hence these represent the same element in Sp(X). We denote it by Ep. 

Now let us define the map p. Let X = U"^j[/,- with each Ui = Spec/?, an affine 
scheme and let £ G Sp(X). Then £ has no 5{7,-torsion for some / < n, because 
n"^j5{/, = and £ is uniform. Since Mod/?,- is equivalent to Qcoh(X)/5c/,, E can 
be regarded as an indecomposable injective /?,-module. Set P = P{'E ) to be the sum 
of annihilator ideals in /?, of non-zero elements, equivalently non-zero submodules, 
of E . Since E is uniform the set of annihilator ideals of non-zero elements of E is 
closed under finite sum. It is easy to check ( |[23l 9.2]) that P(e ) is a prime ideal. 
By construction, P(e) E Ui. Clearly, the definition of P{'E) does not depend on 
choice of Ui and P{'Ep) = P. We see that ^a=lx- In particular, a is an embedding 
of X into Sp(X). We shall consider this embedding as identification. 

Given a commutative coherent ring /? and an indecomposable injective /?-module 
E G Sp/?, Prest [23, 9.6] observed that E is elementary equivalent to £'p(£) in the 
first order language of modules. Translating this fact from model-theoretic id- 
ioms to algebraic language, it says that every localizing subcategory of finite type 
S € Lf ioc(Mod/?) is cogenerated by prime ideals. More precisely, there is a set 
D C Spec/? such that 5 G 5 if and only if liomR{S,Ep) = for all P e D. This 
has been generalized to all commutative rings by Garkusha-Prest [JOJ . Moreover, 



= 1. 



□ 



6. The Zariski topology on Sp{X) 



We are going to construct two maps 



a:X^Sp{X) and p:Sp(X)^X. 



D = Spec/? \ Uses supPrI^S"). 
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Proposition 6.1. Let £ G Sp(X) and let P{'E) G X be the point defined above. 
Then E and Ep(E) are topologically indistinguishable in Spj;(X). In other words, 
for every S G ^f.ioc(^) the sheaf E has no S -torsion if and only if 'Epf^^^ has no 
S -torsion. 

Proof. Let U = Spec/? C X be such that E has no 5f/-torsion. Then P(e ) G U and 
E and Ep(j;) have no 5f/ -torsion. These can also be considered as indecomposable 
injective /^-modules, because Qcoh{X) / Su — Mod/? by Proposition 12.11 Denote 
by 5' = Oix,u{s) G Lf ioc(Mod/?). Then E has no 5 -torsion in Qcoh(X) if and only 
if E has no 5'-torsion in Mod/?. Our assertion now follows from [10, 3.5]. □ 

Corollary 6.2. If S eUiocM.^) then o{s)r\X = Y{s), whereY{s) = \Jfes^^PPx{!J') ^ 

Proof. If E e 0(5) and U = Spec/? C X is such that E has no 5(7-torsion, then 
P(e) €U and 'Ep(^^) G 0(5) by Proposition [O Let s' = ax,u{s) G Lf.ioc(Mod/?). 
We have Y{s') := \Jses supPr(5') C 7(5). By the proof of Proposition 16. 1 1 E ) 
has 5 '-torsion. Then there is a finitely generated ideal I CR such that R/I £ s' and 
Homp (/?//, Ep(2;)) / 0. It follows from OOl 3.4] that P(e) G Y{s'), and hence 
0{s)nXcY{s). 

Conversely, if P e Y{s) PiU then Ep has 5 '-torsion by [10. 3.4]. Therefore 
•Ep £ 0{s') C 0{s). It immediately follows that O {s ) Cl^ ^Y{s). □ 

Proposition 6.3. (cf. ifTOl 3.7] j Let X be a quasi-compact and quasi-separated 
scheme. Then the maps 

(X*) ^ Or = {E E Sp(X) I P(E) E Y} 

and 

O ELopen(Spy7,^(X)) ={^(E) GX* | E E o} = OHX* 

induce a 1-1 correspondence between the lattices of open sets ofX* and those of 
Sp//,0(^)- 

Proof Let 5 (F) = {iT E Qcoh(X) | suppx(^^ ) C F} e Luoc,®{X)- then Y = Y{3{Y)) 
by the Classification Theorem and 0{siY))^X =Y by Corollary lO It fol- 
lows that 0{siY)) (1 Oy. On the other hand, if E E Oy then the proof of Corol- 
lary |6i2]shows that Ep(j:) E o{s{Y)). Proposition 16. 1 [ implies E E 0{siY)), hence 
0(5(F)) 5 Oy. We see that Oy = 0{s{Y)) E Lopen(Spy7^^(X)). 

Let O E Lopen(Spj/ ^(X)). By Theorem |4.7[ there is a unique S E /-f.ioc,(g)(X) 
such that O = 0(5). By Corollary |0 O (H^ = F(5) = Fq, and so Yq E Lopen(X*)- 
It is now easy to verify that Yoy = Y and Oy^ = O. □ 

We notice that a subset F C X* is open and quasi-compact in X* if and only if 
Z \ F is an open and quasi-compact subset in X. 

Proposition 6.4. An open subset O E Lopen(Spy7 ^(X)) is quasi-compact if and 
only if it is of the form O = 0{s(Y)) with Y an open and quasi-compact subset 
in X*. The space Spj;^(X) is quasi-compact, the quasi-compact open subsets 
are closed under finite intersections and form an open basis, and every non-empty 
irreducible closed subset has a generic point. 

Proof. Let O E Lopen(Spy7 ^(X)) be quasi-compact. By Theorem [4.7[ there is a 
unique S E /-f.ioc,®(X) such that O = 0{s). By the Classification Theorem 5 = 
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S{Y) = y(U/5(F,)), where F = IJ^^^ suppj^ (:r ) G Lope„{X*), each F,- is such that 
Z \ F,- is open and quasi-compact subset of X, and F =U/^(- Then O = |J/ O (5 (F,)). 
Since O is quasi-compact, there is a finite subset J Cl such that O = \JjO{s (F,)) = 
o(V(U/5(F;-))) = 0(5 (UjF,-)). Since X is spectral, thenX\(U7F;) = njiX\Yi) is 
an open and quasi-compact subset in X. 

Conversely, let O = 0{s{Y)) with X \ F an open and quasi-compact subset in 
X and let O = U/Oj- with each O; G Lopen(Spy/ ^(X)). By Theorem 14.71 there are 
unique Si G i^f.ioc,® 

(X) such that O,- = o{Si) and 5(F) = V(U/5i)- We set Yt = 
U;rG5, suppx(^ ) for each / G /. By Lemma 1531 and the Classification Theorem 
one has F = U/^- Since F is quasi-compact in X*, there is a finite subset J C I 
such that F = |Jy F,-. It follows that 5 (F) = ^(U /5,) and O = IJy O,-. 

The space Spj;^(X) is quasi-compact, because it equals 0{s{X*)) and X* is 
quasi-compact. The quasi-compact open subsets are closed under finite intersec- 
tions, because o(5(Fi)) n o(5(F2)) = o(5(Fi nF2)) with Fi,F2 open and quasi- 
compact subsets in X*. Since O (5 (F)) = U/O (5 (F))), where F = U/}^- and each Yj 
is an open and quasi-compact subset in X*, the quasi-compact open subsets also 
form an open basis. 

Finally, it follows from Corollary I6.2l that a subset U of Spy; g,(X) is closed and 

irreducible if and only if so is f/ := ?7 HX*. Since X* is spectral then U has a 
generic point P. The point Ep G ?7 is generic. □ 

Though the space Spfi^{X) is not in general Tq (see fSl), nevertheless we 
make the same definition for (Spy; 0(X))* as for spectral spaces and denote it by 
Sp^a^(X). By definition, Q, G Lopen(Sp^Q^(X)) if and only if Q, = UiQj with each 
Qj having quasi-compact and open complement in Spy; g,(X). The topology on 
Sp^„^(X) will also be referred to as the Zariski topology. Notice that the Zariski 
topology on Sp^^,r(Spec/?), R is coherent, concides with the Zariski topology on 
the injective spectrum SpR in the sense of Prest 1231 . 

Theorem 6.5 (cf. Garkusha-Prest |[8l|9l[T0l)). LetX be a quasi-compact and quasi- 
separated scheme. The space X is dense and a retract in Sp^^^(X). A left in- 
verse to the embedding X ^ Sp,.^,^(X) takes £ G Sp^^^(X) to P{'E) G X. More- 
over, Sp^^^(X) is quasi-compact, the basic open subsets Q,, with Sp(X) \ Q, quasi- 
compact and open subset in Spj; ^^(X), are quasi-compact, the intersection of two 
quasi-compact open subsets is quasi-compact, and every non-empty irreducible 
closed subset has a generic point. 

Proof. Let Q, G Lopeni^Pzari^)) ^6 such that O := Sp(X) \ Q, is a quasi-compact 
and open subset in Spy7^(X) and let F = O nX and D = X\ F = Q,nX. Since 
F is a quasi-compact subset in X*, then D is a quasi-compact subset in X. Notice 
that O = 0{Sd), where Sd = {!F G Qcoh(X) \ f \jj = 0}. Clearly, X is dense in 
Sp^„^(X) and a : X ^ Sp-^^{X) is a continuous map. 

The map P : Sp^Qr(X) ^ X, E ^(e). is left inverse to a. Obviously, P is 
continuous. Thus X is a retract of Sp,Q^(X). 

Let us show that the basic open set Q, is quasi-compact. Let Q, = U/ea Qj with 
each Sp(X) \ Q,- a quasi-compact and open subset in Spy; ^(X) and D,- := Q,- nX. 
Since D is quasi-compact, then D = [Jieao some finite subset C 
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Assume E £ Q, \ \Jieao ^- follows from Proposition [Q] that P(e ) e nX = 
D = Ui^QgDi. Proposition 16.31 implies that E G Q,„ for some /q € Hq, a contra- 
diction. So Q, is quasi-compact. It also follows that the intersection of two quasi- 
compact open subsets is quasi-compact and that Sp,a^(X) is quasi-compact. 

Finally, it follows from Corollary 16.21 that a subset U of Sp^^,r(X) is closed and 
irreducible if and only if so is :=U PiX. Since X is spectral then U has a generic 
point P. The point Ep G ?7 is generic. □ 

Corollary 6.6. Let X be a quasi-compact and quasi-separated scheme. The fol- 
lowing relations hold: 

Sp^M = {Spf,^^{X)r and Spfj,^{X) = {Sp^MT . 

Though the space Sp^a,.{X) is strictly bigger than X in general (see f8l|), their 
lattices of open subsets are isomorphic. More precisely, Proposition 16.31 implies 
that the maps 

£>GZ.open(X)^ QZ) = {E € Sp(X) | P(E ) € D} 

and 

Q, GLopen(Sp,„,(X))^D(i ={P(e) I E G 0,} = Q,nX 

induce a 1-1 correspondence between the lattices of open sets of X and those of 
Sp^ar{X). Moreover, sheaves do not see any difference between X and Sp^„r(X). 
Namely, the following is true. 

Proposition 6.7. Let X be a quasi-compact and quasi-separated scheme. Then 
the maps of topological spaces a : X — > Sp^Q^(X) and p : Sp,^^{X) — > X induce 
isomorphisms of the categories of sheaves 

: Sh{Sp^^,{X)) ^ Sh{X), a, : Sh{X) ^ Sh{Sp,^,{X)). 

Proof Since Pa = 1 it follows that P^a* = 1. By definition, P*(^ )(D) = !F {Qd) 
for any !F G 5/i(Sp,^,(X)),D G Lopen(X) and a*(^)(Q,) = ^Pq,) ^^r any g G 
S/j(X), Q, G Lopen(Sp,^,-(X)). We have: 

a*P*(iF )(Q,) = P*(:F )(D^) = IT (QdJ = (Q,). 

We see that a* P* = 1 , and so a* , P* are mutually inverse isomorphisms. □ 

Let Osp_^^{x) denote the sheaf of commutative rings a* (Ox); then (Sp,Q^(X), Osp ^ 
is plainly a locally ringed space. If we set a** : Osp_^^{x) ct*Ox and : Ox ^ 
P* Osp.^, (X) to be the identity maps, then the map of locally ringed spaces 

(a,a«) : {X,Ox) ^ (Sp,,,(X), Osp^^,.(x)) 

is right inverse to 

(P,P«):(Sp^.,,(X),Osp^„^(x))-(^,Ox). 

Observe that it is not a scheme in general, because Sp^„^(X) is not a To-space. 
Proposition 16 .7 l implies that the categories of the C'sp.^^(x)-modules and Ox-modules 
are naturally isomorphic. 
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7. The prime spectrum of an ideal lattice 

Inspired by recent work of Balmer |2|, Buan, Krause, and Solberg [4l introduce 
the notion of an ideal lattice and study its prime ideal spectrum. Applications arise 
from abelian or triangulated tensor categories. 

Definition (Buan, Krause, Solberg |]4l). An ideal lattice is by definition a partially 
ordered set L = (L, ^), together with an associative multiplication LxL^ L, such 
that the following holds. 

(LI) The poset L is a complete lattice, that is, 

supA =\J a and infA = /\a 

aeA aeA 

exist in L for every subset ACL. 

(L2) The lattice L is compactly generated, that is, every element in L is the 
supremum of a set of compact elements. (An element a G L is compact, if 
for all A C L with a ^ sup A there exists some finite A' C A with a ^ sup A'.) 

(L3) We have for all a,b,c £ L 

a[byc)=abyac and {a\/ b)c = ac\/ be. 

(L4) The element 1 = supL is compact, and la = a = al for all a G L. 
(L5) The product of two compact elements is again compact. 

A morphism (p : L — > L' of ideal lattices is a map satisfying 
^( V ^) ~ V ^(^) ^^"^ ACL, 

aeA aeA 

cp(l) = 1 and (^{ab) = (^{a)(^{b) for a,b£L. 

Let L be an ideal lattice. Following f4\ we define the spectrum of prime elements 
in L. An element / 1 in L is prime ifab ^p implies a^porb^pfor&\\a,b&L. 
We denote by Spec L the set of prime elements in L and define for each a G L 

V{a) = {p G SpecL \ a^ p} and D{a) = {p ^ SpecL | a ^ p}. 

The subsets of SpecL of the form V{a) are closed under forming arbitrary inter- 
sections and finite unions. More precisely, 

V{\J ai) = {^V{ai) and V{ab) =V {a)yjV {b). 
ieO. ieO. 

Thus we obtain the Zariski topology on SpecL by declaring a subset of SpecL to 
be closed if it is of the form V{a) for some a ^ L. The set SpecL endowed with 
this topology is called the prime spectrum of L. Note that the sets of the form D{a) 
with compact a G L form a basis of open sets. The prime spectrum SpecL of an 
ideal lattice L is spectral [4, 2.5]. 

There is a close relation between spectral spaces and ideal lattices. Given a 
topological space X, we denote by Lopen(^) the lattice of open subsets of X and 
consider the multiplication map 

The lattice Lopen(X) is complete. 

The following result, which appears in lU, is part of the Stone Duality Theorem 
(see, for instance. El). 
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Proposition 7.1. Let X be a spectral space. Then Zygpen 

iX) is an ideal lattice. 

Moreover, the map 

X ^ SpecLopen(^), x^X\{x}, 

is a homeomorphism. 

We deduce from the Classification Theorem the following. 

Proposition 7.2. Let X be a quasi-compact and quasi-separated scheme. Then 
Lf.\oc.®{^) is an ideal lattice. 

Proof. The space X is spectral. Thus X* is spectral, also Lopen(X*) is an ideal 
lattice by Proposition 17. II By the Classification Theorem we have an isomorphism 
Lopen{X*) = Lf.ioc,® (X). Therefore Lf.ioc,®(X) is an ideal lattice. □ 

It follows from Proposition 16.41 that S G ^f.ioc.®(X) is compact if and only if 
S =S{Y) with Y £ Lopen(X*) compact. 

Corollary 7.3. Let X be a quasi-compact and quasi-separated scheme. The points 
o/ SpecLf ioc,®(X) are the D-irreducible tensor localizing subcategories of finite 
type in Qcoh(X) and the map 

f:X*^ SpecLf.ioc,®(^), P^Sp = {f £ Qcoh(X) | iFp = 0} 
is a homeomorphism of spaces. 

Proof. This is a consequence of the Classification Theorem and Propositions 17. 1[ 
EH □ 

8. Reconstructing quasi-compact, quasi-separated schemes 

LetX be a quasi-compact and quasi-separated scheme. We shall write Spec(Qcoh(X)) := 
(SpecLf.ioc,® (X))* and supp(:r ):={V£ Spec(Qcoh(A:)) | ^P} for ^ G Qcoh(X). 
It follows from Corollary 17. 3 1 that 

suppx(i^) =/"Hsupp(!r)). 

Following we define a structure sheaf on Spec(Qcoh(X)) as follows. For 

an open subset U C Spec(Qcoh(X)), let 

Su = {7 Qcoh(X) I supp(^ )r\U = %} 

and observe that Su = {f | jFp = for all P e /^^ (?7)} is a tensor localizing sub- 
category. We obtain a presheaf of rings on Spec(Qcoh(X)) by 

[/h^EndQcoh(x)/5t,(0x)- 
If y C ?7 are open subsets, then the restriction map 

EndQ(-oh(z)/5f/ {Ox) EndQ(-oh(A:)/5v/ (^^) 
is induced by the quotient functor Qcoh(X)/5{/ Qcoh{X)/Sv. The sheafification 
is called the structure sheaf of Qcoh(X) and is denoted by C'Qcoh(A:)- Next let 
!P G Spec(Qcoh(X)) and P := (!p). There is an affine neighborhood Spec/? of 
P. We have 

OQcoh(x),j' — limEndModK/jTvC^) =Rp= Ox,p. 

TeV 

The second isomorphism follows from ifTOl §8]. We see that each stalk C'Qcoh(z),2' 
is a commutative ring. We claim that C'Qcoh(z) is a sheaf of commutative rings. 
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Indeed, let a,b G OQcoh(x)(^^)> where U E Lopen(Spec(Qcoh(X))). For all G f/ 
we have p^j,{ab) = p'^{ba), where : OQcoh(x)(^^) ^ C)Qcoh(x),s' is the natural 
homomorphism. Since OQcoh(x) is a sheaf, it follows that ab = ba. 

The next theorem says that the abelian category Qcoh(X) contains all the nec- 
essary information to reconstruct the scheme (X, Ox)- 

Theorem 8.1 (Reconstruction; cf. Rosenberg [24]). Let X be a quasi-compact 
and quasi-separated scheme. The map of Corollar\ \7.3\ induces an isomorphism of 
ringed spaces 

f ■ {X,Ox) (Spec(Qcoh(X)),OQcoh(x))- 

Proof. The proof is similar to that of [4, 8.3; 9.4]. Fix an open subset U C 
Spec(Qcoh(X)) and consider the functor 

F : Qcoh(X) ^ ^''^''"'') Qcoh 

We claim that F annihilates Su- In fact, f £Su implies /"^ (supp(^ )) n/"' (?7) = 
and therefore suppx(iF = 0. Thus jFp = for all P £ f^\U) and 

therefore F{f ) = 0. It follows that F factors through Qcoh{X) / Su and induces 
a map EndQcoh(x)/5t' (^x) ^ Ox{f^\U)) which extends to a map Oq^^^x){U) ^ 
Ox{f^^{U)). This yields the morphism of sheaves f^ : C'Qcoh(x) ~^ f*Ox- 

By the above /t induces an isomorphism /| : C'Qcoh(A:) ~^ at each point 
P £X. We conclude that fp is an isomorphism. It follows that / is an isomorphism 
of ringed spaces if the map f : X Spec(Qcoh(X)) is a homeomorphism. This 
last condition is a consequence of Propositions 17. Ill7!2] and Corollary 17.31 □ 

9. Coherent schemes 

We end up the paper with introducing coherent schemes. These are between 
noetherian and quasi-compact, quasi-separated schemes and generalize commuta- 
tive coherent rings. We want to obtain the Classification and Reconstruction results 
for such schemes. 

Definition. A scheme X is locally coherent if it can be covered by open affine 
subsets Spec/?,-, where each /?,■ is a coherent ring. X is coherent if it is locally 
coherent, quasi-compact and quasi-separated. 

The trivial example of a coherent scheme is SpecT? with R a coherent ring. There 
is a plenty of coherent rings. For instance, let /? be a noetherian ring, and X be any 
(possibly infinite) set of commuting indeterminates. Then the polynomial ring R[X] 
is coherent. As a note of caution, however, we should point out that, in general, the 
coherence of a ring R does not imply that of R[x\ for one variable x. In fact, if R is 
a countable product of the polynomial ring Q[>',z], the ring R is coherent but R[x\ is 
not coherent according to a result of Soublin f25l. Given a finitely generated ideal 
/ of a coherent ring R, the quotient ring R/I is coherent. 

If /? is a coherent ring such that the polynomial ring R[xi ,x„] is coherent, then 
the projective n-space = Proj/?[xo, . . . ,Xn\ over /? is a coherent scheme. Indeed, 

is quasi-compact and quasi-separated by 1^, 5.1] and covered by Spec/?[xo/x,-, . . . , 
with each R[xo/xi, . . . ,Xn/xi] coherent by assumption. 

Below we shall need the following result. 
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Theorem 9.1 (Herzog fl3\, Krause fT9\). Let C bea locally coherent Grothendieck 
category. There is a bijective correspondence between the Serre subcategories !P 
o/coh C and the localizing subcategories S of C of finite type. This correspondence 
is given by the functions 

T I — > T = {limC; I Ci £ t} 

S > — >sncohc 

which are mutual inverses. 

Proposition 9.2. Let X be a quasi-compact and quasi-separated scheme. Then X 
is a coherent scheme if and only if coh(X) is an abelian category or, equivalently, 
Qcoh(X) is a locally coherent Grothendieck category. 

Proof. Suppose X is a coherent scheme. We have to show that every finitely gen- 
erated subobject of a finitely presented object g is finitely presented. It follows 
from 1.6.9.10] and Proposition O that !F £ fg(Qcoh(X)) if and only if it is 
locally finitely generated. 

Given P £X there is an open subset U of P and an exact sequence 

By assumption, there is an affine neighbourhood Spec/? of P with R a coherent ring. 
Let / G /? be such that P G D(/) C SpecRnU, where D(/) = {Q£ Spec/? \f^Q}. 
One has Ox{D{f)) = OR{D{f)) = Rf, hence we get an exact sequence 

Since /? is a coherent ring then so is Rf. 

There is an open neighbourhood V of P and an epimorphism Oy ^ |y, ^ G N. 
Without loss of generality, we may assume that V =D{f) for some f £ R. It fol- 
lows that !F l^jjy) C g \D{f) is a finitely presented O^^-module, because Rf is a co- 
herent ring. Therefore J is locally finitely presented, and hence G fp(Qcoh(X)). 

Now suppose that Qcoh(X) is a locally coherent Grothendieck category. Given 
P £X and an affine neighbourhood Spec/? of P, we want to show that /? is a coher- 
ent ring. The localizing subcategory S = {!F \ 9^ \specR = 0} is of finite type, and 
therefore Qcoh(X) /5 is a locally coherent Grothendieck category. It follows from 
Proposition ITT] that Mod/? = Qcoh(Spec/?) = Qcoh(X)/5 is a locally coherent 
Grothendieck category, whence R is coherent. □ 

Theorem 9.3 (Classification). Let X be a coherent scheme. Then the maps 
V^S = {9" Gcoh(X) I suppx(:r) C V} 

and 

s^v= \J suppx(ir) 

induce bijections between 

(1) the set of all subsets of the form V = U/en^' with quasi-compact open 
complement X \ Vifor all i G D., 

(2) the set of all tensor Serre subcategories in coh(X). 

Theorem 9.4. Let X be a coherent scheme. The assignments 

r = {f e coh(X) I supp;^ (^^ ) C IJ suppx{H„{E))} 

neZ,EeT 
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and 

S ^{E£ ®per(X) I HniE) G 5 far all n£Z} 
induce a bijection between 

(1) the set of all tensor thick subcategories o/©per(X), 

(2) the set of all tensor Serre subcategories in coh(X). 

LetX be a coherent scheme. The ringed space (Spec(coh(X)), Ocoh(x)) is intro- 
duced similar to (Spec(Qcoh(X)), OQcoh(A:))- 

Theorem (Reconstruction). Let X be a coherent scheme. Then there is a natural 
isomorphism of ringed spaces 

f:{X,Ox)^ (Spec(coh(X)), Ocoh(x))- 

The theorems are direct consequences of the corresponding theorems for quasi- 
compact, quasi-separated schemes and Theorem 19.11 The interested reader can 
check these without difficulty. 
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